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The electromagnetic response of topological insulators and superconductors is governed by a
modified set of Maxwell equations that derive from a topological Chern-Simons (CS) term in the
effective Lagrangian with coupling constant κ. Here we consider a topological superconductor or,
equivalently, an Abelian Higgs model in 2 + 1 dimensions with a global O(2N) symmetry in the
presence of a CS term, but without a Maxwell term. At large κ, the gauge field decouples from the
complex scalar field, leading to a quantum critical behavior in the O(2N) universality class. When
the Higgs field is massive, the universality class is still governed by the O(2N) fixed point. However,
we show that the massless theory belongs to a completely different universality class, exhibiting an
exotic critical behavior beyond the Landau-Ginzburg-Wilson paradigm. For finite κ above a certain
critical value κc, a quantum critical behavior with continuously varying critical exponents arises.
However, as a function κ a transition takes place for |κ| < κc where conformality is lost. Strongly
modified scaling relations ensue. For instance, in the case where κ2 > κ2c , leading to the existence
of a conformal fixed point, critical exponents are a function of κ.
Introduction — A conformal phase transition (CPT)
[1] is defined as featuring a critical point with a non-
power law diverging correlation length, and which ex-
hibits a universal jump in some generalized stiffness of
the system. The cardinal example of such a transition
is the Berezinskii-Kosterlitz-Thouless (BKT) phase tran-
sition [2, 3] taking place in two-dimensional superfluids
and superconductors when they transition from the low-
temperature phase to the normal state, and in the melt-
ing transition of two-dimensional crystals [4, 5]. In the
case of two-dimensional superfluids and superconductors
the generalized stiffness corresponds to the superfluid
density and in two-dimensional crystals to the shear-
stiffness. A key point of such phase transitions is the
absence of a traditional Landau-type (local) order param-
eter with which to monitor the transition, such as one has
for instance in simple magnets. In the above examples,
the lack of a local order parameter is due to a funda-
mental theorem by Mermin and Wagner [6], which states
that spontaneous breaking of continuous symmetries in
two dimensions at any non-zero temperature cannot take
place.
The presence of a strongly fluctuating gauge-field puts
an even stronger limitation on the existence of a local
order parameter than the Mermin-Wagner theorem does.
Namely, in any gauge theory in any dimension such as for
instance the Ginzburg-Landau theory of superconductors
or, equivalently, the Abelian Higgs model (AHM) in 2+1
dimensions, an order parameter cannot be defined, un-
less it is gauge-invariant. This result, known as Elitzur’s
theorem [7] implies that no local order parameter exists
for a superconductor.
On the other hand, response functions are gauge in-
variant. They are computed in terms of correlation func-
tions of conserved currents. Response functions should
exhibit universal features at a phase transition, provided
the phase transition occurs at a critical point, that is,
there exists a diverging length in the problem render-
ing the system scale-free at the transition. In an ordi-
nary second-order phase transition, with power-law di-
vergence of some correlation length and susceptibilities,
the universal aspects are associated with the exponents
of the power laws. A much studied quantity both exper-
imentally and theoretically is the current-current corre-
lation function, which features an overall multiplicative
constant, the superfluid density of the system. The uni-
versal aspect of this quantity at a standard second-order
phase transition of a bulk superconductor is the expo-
nent determining how the superfluid density vanishes as
T → Tc from below. For thin film superconductors, the
universal aspect of the same response function is a uni-
versal jump in the superfluid density at the transition,
and a concomitant diverging correlation length with an
essential singularity [8].
Conformality lost argument— A general framework to
derive BKT-like scaling in other theories was provided by
Kaplan et al. [9] who showed that a CPT can be under-
stood in terms of a conformality lost argument. Simply
stated, it amounts to considering a renormalization group
(RG) flow for a coupling g depending on some parameter
α such that β(g;α) ≡ µdg/dµ = α−α∗−(g−g∗)2 [9]. For
α > α∗ the fixed points g± = g∗±
√
α− α∗ are obtained,
with g− infrared stable (IR) and g+ ultraviolet (UV) sta-
ble. Such a hypothetical RG flow describes a CPT as α
is varied. Indeed, the IR and UV fixed points merge
when α = α∗. But for α < α∗ conformality is lost, since
g± become complex. The BKT-like scaling follows eas-
ily by integrating the RG equation, yielding ΛIR/ΛUV ≈
exp(−pi/√α∗ − α) when |gIR,UV −g∗| 
√|α− α∗|. Re-
call that in the BKT scaling the inverse correlation length
has the form, ξ−1 ∼ exp(−const/√T − Tc) [8], so by
comparison the parameter α plays a role analogous to
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2the inverse temperature in the BKT transition. This sit-
uation is also reminiscent of the one occuring in spinor
QED in 2+1 dimensions (QED3), where a gap genera-
tion of the form, mQED ∼ exp(−2pi/
√
Nc −N), where N
is the number of Dirac fermion species and Nc = 32/pi
2
[10]. This behavior of QED in 2+1 dimensions has been
identified in Ref. [11] as a CPT. In this case the CPT
is also a consequence of the non-locality of the Maxwell
term at strong coupling. The gap generation sponta-
neously breaks the chiral symmetry. A similar behavior
leading to a CPT is also found in graphene in the pres-
ence of Coulomb interactions, where an excitonic gap is
generated by spontaneous chiral symmetry breaking [12].
Interestingly, in the case of graphene the CPT occurs
as the graphene coupling constant is varied, rather than
the number of components [13]. This is due to the fact
that in graphene the bare Coulomb interaction is three-
dimensional (i.e., ∼ 1/r), while the Dirac fermions are
constrained to move in two dimensions. Also in the con-
text of so called deconfined quantum critical points [14]
a CPT may occur in an N -component AHM in 2+1 di-
mensions at low N and in the strongly coupled regime
[15]. In this case when the number of components N is
varied below a certain critical value Nc the fixed points
become complex, resulting in conformality lost [15, 16].
In the past this behavior of the AHM was interpreted as a
weak first-order phase transition [17]. More recently the
weak first-order phase transition in the Potts model with
Q > 4 has been also understood in terms of an approx-
imate conformality lost due to its proximity to complex
fixed points [18].
Topological Abelian Higgs model— Here we introduce a
more subtle type of CPT driven by a topological term in
the effective action. The main motivation comes from the
modification of Maxwell electrodynamics in topological
materials [19–21]. For instance, the surface of a topolog-
ical superconductor corresponds to an AHM in presence
of a CS term [21]. In the absence of a Maxwell term, this
model has a soliton solution in the form of a self-dual CS
vortex [22, 23]. The Lagrangian is simply given by,
L =
κ
2
µνλa
µ∂νaλ + |(∂µ − iaµ)φ|2
− m20|φ|2 −
u0
2
|φ|4, (1)
where κ is the Chern-Simons coupling and m20 and u0
are written with a ”0” subscript to emphasize that they
represent bare quantities at this stage. Note that aµ is a
fluctuating field and not a background (external) gauge
potential.
In the limit κ → ∞ the gauge field is frozen to zero
and the theory becomes simply a globally U(1)-invariant
scalar theory, which within an imaginary time formalism
governs the universality class of a three-dimensional XY
classical ferromagnet, which is the same as the univer-
sality class of superfluid Helium in three dimensions [24].
This theory is known to be exactly dual to an AHM with-
out a CS term (note that in this case there is a Maxwell
term) [25–28]. For κ = 1/(2pi), corresponding to level
1 CS AHM, it has been recently pointed out in several
papers that the Lagrangian (1) maps via a bosonization
duality to free Dirac fermions in 2+1 dimensions [29–33].
The duality is assumed to be valid also when the fields
are massless. Since a genuine duality is supposed to map
a strongly coupled theory on one side to a weakly cou-
pled theory on the other side, the statement we just made
might at first sight sound confusing, since the theory on
one side does not interact. Actually, it is the IR fixed
point of the model (1) that it is being mapped to the
free fermion model. In this paper we show that the IR
behavior underlying the duality transformation is subtle
in the massless regime of Eq. (1), as the IR fixed point is
dependent on the CS coupling κ and that conformality of
the IR fixed point is lost as |κ| is varied below a certain
critical value. However, this scaling regime typically cor-
responds to values of κ larger than the one associated to
the level 1 theory. On the other hand, we will show that
the massive theory implies a scaling behavior featuring a
Wilson-Fisher fixed point for all values of κ and not only
κ = 1/(2pi). An immediate consequence of this result
is that there must be two different paths to construct-
ing the continuum limit of the theory (1) from a lattice
model. One example is provided by the bosonization du-
ality derived using Wilson lattice fermions as discussed
in Ref. [31].
Renormalization group for the massless theory — The
one-loop Feynman diagram contributing to the effective
Higgs |φ|4 coupling shown in Fig. 1-(a) is proportional
to the momentum space integral in Euclidean spacetime,
I(p) =
∫
d3k
(2pi)3
Dµν(p− k)Dµν(k), (2)
where,
Dµν(p) =
1
p2 + e4κ2
(
δµν − pµpν
p2
− e
2κ
p2
µνλpλ
)
, (3)
is the photon propagator. Here we are assuming the
presence of an evanescent (e2 → ∞) Maxwell term as
a regulator term in order to allow for a better analysis
of the interplay between IR and UV energy scales. In
absence of a CS term lim|p|→0 I(p) is both IR and UV
divergent, so usually we compute this diagram in this
case assuming a nonzero momentum scale |p| = µ [34].
On the other hand, dimensional regularization [35] would
in principle imply that lim|p|→0 I(p) = 0, since such a
regularization procedure usually compensates powers of
IR and UV cutoffs [34]. Indeed, using cutoffs, we have
I(0) = 2(Λ−1IR − Λ−1UV ) when κ = 0, so I(0) would vanish
provided ΛIR = ΛUV . In the presence of the CS term,
on the other hand, we have that I(0) vanishes identically
at fixed dimension d = 2 + 1, being completely insensi-
tive to IR and UV scales. Therefore, there is a jump in
the spectrum of Higgs particles in the limit of low en-
ergy or long wavelength when a CS term is present, and
we expect that g(0) and g(µ) leads to very different fixed
points. For the case of g(0) we have the correlation length
3(a) (b)
FIG. 1. (a): One-loop Feynman diagram contributing to the
effective two-Higgs interaction. The four external legs repre-
sent Higgs fields. The wiggly lines are photon propagators.
(b): One-loop Feynman diagram contributing to the wave-
function renormalization of the Higgs field.
(i.e., the inverse of the Higgs mass) as sole length scale
available to the RG flow.
For the case of a CS AHM (1), the diagram of Fig.
1-(a) is calculated explicitly in the Supplemental Infor-
mation (SI) and is indeed found to vanish for |p| → 0 for
all κ 6= 0. More importantly, we have,
lim
e2→∞
e4I(p) = − |p|
8κ2
. (4)
Thus, what in the usual (non-topological) AHM yields a
term of order e4 in a perturbation theory in terms of both
u and e2, becomes here a term of order 1/κ2, reflecting
a perturbation in powers of 1/|κ| instead. Note that the
e2 → ∞ limit yields a negative sign. This is to be con-
trasted to the κ → 0 limit, limκ→0 e4I(p) = 3/(16|p|),
producing a positive sign. This is an important point,
as precisely the positive sign of this term prevents the
existence of charged fixed points for a small number of
Higgs fields in 2+1 dimensions [17].
Usually in order to obtain the RG β function we need
also the wavefunction renormalization Zφ for the scalar
field. At one-loop order this is provided by the Feynman
diagram in Fig. 1-(b). Since κ is scale invariant, Zφ
will at the end give no contribution to the one-loop β
function. However, for the sake of clarity we will show
this explicitly in the derivations below.
The inverse Euclidean propagator for the (massless)
scalar field is given by, G−1(p) = p2 + Σ(p), where the
self energy Σ(p) corresponds to the diagram in Fig. 1-(b).
The e2 →∞ limit of the self energy is very simple,
lim
e2→∞
Σ(p) = − 2p
2
3pi|κ| , (5)
and has this form even if m 6= 0 (see SI). This implies,
Zφ =
(
1− 2
3pi|κ|
)−1
≈ 1 + 2
3pi|κ| . (6)
Since κ does not renormalize [36], one interesting conse-
quence of the above result is that the anomalous dimen-
sion of the scalar field vanishes at one-loop order, a result
contrasting with the ordinary AHM in 2+1 dimensions
[17].
The dimensionless effective coupling is given by g(µ) =
Z2φu(µ)/µ, where µ = |p| and,
u(µ) = u0 −
(
N + 4
8
)
u20
µ
+
µ
κ2
, (7)
corresponding to the sum of the one-loop diagrams with
scalar and and photon bubbles. In writing the above
equation we have assumed that there are N complex
scalar fields, so that the underlying global symmetry is
O(2N). Thus,
g(µ) =
(
1 +
4
3pi|κ|
)
u0
µ
−
(
N + 4
8
)
u20
µ2
+
1
κ2
, (8)
where we have assumed that 1/|κ| and u0/µ are of the
same order. Therefore, the RG β function for the dimen-
sionless coupling is given by (recall that κ does not flow
[36]),
β(g) = µ
dg
dµ
= −
[(
1 +
4
3pi|κ|
)
u0
µ
−
(
N + 4
8
)
u20
µ2
+
1
κ2
]
︸ ︷︷ ︸
=g
+
(
N + 4
8
)
u20
µ2
+
1
κ2
. (9)
The above equation can be rewritten within the accuracy
of the one-loop approximation as,
β(g) =
g∗
2
[
κ2c
κ2
− 1 +
(
g
g∗
− 1
)2]
, (10)
where g∗ = 4/(N+4) and κ2c = 2/g∗. The RG β function
(10) has precisely the paradigmatic form discussed by
Kaplan et al. [9] for theories featuring conformality lost.
The only difference is that in our case the β function
has the opposite sign. Depending on the range of κ, the
theory may have a conformal fixed point or not. The β
function profile is shown schematically in Fig. 2.
Nontrivial fixed points corresponding to quantum crit-
icality exist whenever κ2 > κ2c . We note that in contrast
to the usual AHM in 2+1 dimensions [17], the CS AHM
features a quantum critical point for all N if the CS cou-
pling satisfies the inequality κ2 > κ2c . Indeed, this regime
features the IR (g+) and UV (g−) stable fixed points,
g± = g∗(1±
√
1− κ2c/κ2), with the IR stable fixed point
corresponding to the quantum critical point of the theory.
The interesting regime is |κ| < κc. We observe that
here conformality is lost as the fixed points become com-
plex. The solution of the differential equation (10) for
this case is,
ln
(µ
Λ
)
=
−2√
κ2c/κ
2 − 1
[
arctan
(
1− g/g∗√
κ2c/κ
2 − 1
)
+ arctan
(
gΛ/g∗ − 1√
κ2c/κ
2 − 1
)]
, (11)
where g∗ < gΛ = g(Λ). When κ → κc for |κ| < κc
the complex fixed points merge and we obtain that for
|gΛ/g∗−1| 
√
κ2c/κ
2 − 1 the momentum scale satisfies,
µ
Λ
= exp
(
− pi + θ(κ, g)√
κ2c/κ
2 − 1
)
, (12)
4FIG. 2. Schematic behavior of the RG β function (10). Real
fixed points exist only for κ2 > κ2c , leading to a quantum
critical behavior. Conformality is lost for |κ| < κc and a
BKT-like quantum phase transition occurs in the topological
superconductor.
where θ(κ, g) = 2 arctan[(1− g/g∗)/
√
κ2c/κ
2 − 1], imply-
ing a BKT-like scaling when g < g∗. On the other hand,
as κ→ κc, we obtain for all g > g∗,
µ
Λ
=
κ→κc
exp
(
− 2g∗
g − g∗
)
, (13)
which features an essential singularity at g = g∗, repre-
senting a behavior similar to the one obtained in the case
of deconfined quantum critical points [15]. Therefore,
when κ ∈ [−κc, κc] Eqs. (12) and (13) imply that only
for g < g∗ the system becomes critical as κ approaches
κc, implying a BKT-like critical point. For g > g∗ the
system does not become critical as κ → κc, needing in
addition that g → g∗, corresponding to the fixed point in
this case.
The solution (11) can also be used for κ2 > κ2c after
performing a simple manipulation with complex num-
bers. In this case we obtain a quantum critical scaling
behavior,
µ
Λ
≈
(
g+ − g
g − g−
)1/√1−κ2c/κ2
, (14)
where we have assumed once more that |gΛ/g∗ − 1| √
1− κ2c/κ2. The above solution makes it apparent that
g = g+ is an IR stable fixed point corresponding to
µ/Λ → 0, while g− is a UV stable fixed point corre-
sponding to µ/Λ→∞. As κ→ κc leading to a merging
of the IR and UV stable fixed points, Eq. (14) becomes
Eq. (13) and the system undergoes a CPT.
Renormalization group for the massive theory— For a
nonzero renormalized mass m the one-loop scalar field
bubble diagram yielding the u20 contribution for the ver-
tex function does not diverge for µ = |p| → 0. Thus,
we can use m as RG scale instead [24, 37]. However, as
we have already seen, in this case the photon bubble in
Fig. 1-(a) vanishes identically. Furthermore, due to the
e2 → ∞ limit the wavefunction renormalization of the
Higgs field does not contribute to β(g) = mdg/dm, just
as before, since κ itself does not flow. As a result, the crit-
ical behavior as m→ 0 is governed by the Wilson-Fisher
fixed point. We conclude therefore that in the critical
behavior of the topological AHM the limits µ → 0 and
m → 0 do not commute. Thus, the critical behavior of
the massive theory does not feature conformality lost as
κ is varied. This lack of commutativity in the scaling
behavior is a unique feature of interacting CS field the-
ories. Such a behavior is more explicit in the CS term
itself, when the latter is generated by quantum fluctua-
tions after integrating out Dirac fields in 2+1 dimensions
[38–41]. In that case the odd parity contribution to the
vacuum polarization yielding the CS term is only nonzero
if the Dirac fermion is massive. However, after perform-
ing the loop integral the end result depends only on the
sign of the mass M of the Dirac field, corresponding to
a CS coupling κ = (4pi)−1M/|M | [39–41]. Thus, the CS
term survives the M → 0 limit after the quantum fluctu-
ations are calculated. Unlike the fermionic case, the mass
m of the Higgs field has nothing to do with the presence
or absence of a CS term in the Lagrangian. Nevertheless,
a nonzero m has an indirect relation to the scaling be-
havior in an AHM with a CS term, due to the vanishing
of the diagram Fig. 1-(a) as |p| → 0.
Superfluid stiffness — On the basis of the above we now
provide a concrete and in principle testable prediction on
the behavior of the superfluid stiffness in the topological
Higgs superconductor. The superfluid stiffness ρs is a
response function given quite generally by the current
correlation function at zero momentum [42]. Its scaling
behavior is given Josephson scaling relation, ρs ∼ (Tc −
T )ν(D−2) [43], where D is the dimension of space. In the
two-dimensional case, the result of Ref. 43 immediately
implies a jump as Tc is approached from the left, since the
superfluid stiffness must vanish for T > Tc. A hallmark
of the transition is that this jump is universal [8].
In the present case it is not the dimension of space
that is relevant in the scaling of the stiffness, but rather
the dimension of spacetime, d = 2 + 1, which in the con-
text of quantum critical phenomena can be regarded as a
theory with dynamical exponent z = 1 [44], correspond-
ing to a Lorentz-invariant system. However, in Euclidean
spacetime Josephson scaling still applies, since the theory
can be regarded as a Ginzburg-Landau theory with a CS
term. The role of the temperature is played by the bare
mass squared, m20, which in the massless case is tuned
to a critical value m20c. In the massless case we obtain
that the critical exponent ν is defined as usual via inser-
tions of the operator |φ|2, whose anomalous dimension is
3 − 1/ν [24]. Clearly, this exponent is only defined for
κ2 ≥ κ2c , with the result,
ν(κ,N) =
2
4−
(
N+1
N+4
)
(1 +
√
1− κ2c/κ2)
. (15)
We see that in this case the critical exponent is not a
number, but a function of the CS coupling κ. Note that
5for κ→∞ it agrees with the one-loop result for a O(2N)
classical Heisenberg model, as expected, since for κ→∞
the gauge field and the scalar field decouple. For the U(1)
symmetric case (N = 1) we obtain ν = 5/9 at the critical
value κ = κc.
Continuously varying critical exponents is a well
known feature of some CS theories. A closely related
model where this occurs is the CPN−1 model with a CS
term, which has been studied in detail for large N [45].
Note that in the model we have considered the massless
regime does not smoothly connect to larger values of N ,
since in the large N limit κ2c becomes large and confor-
mality is lost. The large N results of Ref. [45] were
obtained in the massive regime implied by the CPN−1
constraint. We have seen that in the massive regime the
model flows to a conformal fixed point.
When a CPT occurs the critical behavior of the stiff-
ness is highly unusual due to the BKT scaling (12). Be-
cause the theory is 2 + 1-dimensional, the argument of
the BKT universal jump in the superfluid stiffness is not
exactly the same as in the case of a BKT transition [8].
In fact, the stiffness must scale as in Eq. (12), meaning
that it vanishes continuously as κ → κc if g < g∗. How-
ever, a jump would occur for g > g∗, since for κ → κc
Eq. (13) holds.
Conclusions — We have shown that AHM with a CS
term exhibits a much more peculiar quantum critical scal-
ing behavior than has been realized previously. We have
seen that the massless theory exhibits quantum critical
behavior with power law scaling of physical quantities
only for a CS coupling κ above a certain critical value
κc. Although the critical behavior is governed by an IR
stable fixed point leading to power law behavior, quan-
tum criticality is highly unconventional, since critical ex-
ponents are a function of κ. For a CS coupling below the
critical value κc there is a phase transition to a state fea-
turing complex fixed points and conformality lost. The
RG scale exhibits a BKT-like scaling in this case. On
the other hand, if the model is massive and the critical
point is approached by sending the mass to zero, conven-
tional critical behavior with a Wilson-Fisher fixed point
is obtained. Thus, the two limits of vanishing mass and
momenta do not commute, leading to radically distinct
forms of quantum criticality.
The results we have obtained are relevant in light of
recently well studied bosonization dualities in 2 + 1 di-
mensions [29–33]. While this bosonization duality seems
to be well established in the massive case, it remains a
conjecture in the massless case. The unconventional crit-
icality of the massless case shows that in the conformal-
ity lost regime, a duality to free massive Dirac fermions
is unlikely, as the bosonic theory features complex fixed
points.
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7Appendix A: Calculation of integrals
1. Calculation of I(p)
For the sake of convenience, here we will set M = e2|κ|.
After performing the straightforward indices contraction
in the integral (2), we obtain,
I(p) =
∫
d3q
(2pi)3
1
[(p− q)2 +M2](q2 +M2)
×
{
1 +
[q · (p− q)]2
(p− q)2q2 +
2M2q · (p− q)
q2(p− q)2
}
. (A1)
In what follows we use a series of simple algebraic ma-
nipulations to reduce I to a combination of integrals,
I0 =
∫
d3q
(2pi)3
1
(p− q)2q2 , (A2)
I1 =
∫
d3q
(2pi)3
1
(p− q)2(q2 +M2)
=
∫
d3q
(2pi)3
1
[(p− q)2 +M2]q2 , (A3)
I2 =
∫
d3q
(2pi)3
1
[(p− q)2 +M2](q2 +M2) , (A4)
which can be solved using the method of Feynman pa-
rameters [35] in a standard way to give,
I0 =
1
8|p| , (A5)
I1 =
1
4pi|p| arctan
( |p|
|M |
)
, (A6)
I2 =
1
4pi|p| arctan
( |p|
2|M |
)
. (A7)
The reduction of I(p) to a combination of the above in-
tegrals is achieved by means of simple algebraic ticks, for
instance, by using repeatedly relations like,
q · (p− q) = p
2 − q2 − (p− q)2
2
= M2 +
p2 − (q2 +M2)− [(p− q)2 +M2]
2
, (A8)
and,
1
q2(q2 +M2)
=
1
M2
(
1
q2
− 1
q2 +M2
)
, (A9)
in which case we obtain,
e4I(p) = e4
[
1
e2|κ| +
|p|
8e4κ2
(
p2
4e4κ2
− 1
)
+
1
4pi|p|
(
−5
2
+
p2
e4κ2
− p
4
2e8κ4
)
arctan
( |p|
e2|κ|
)
+
p4 + 16e8κ4
16pie8κ4|p| arctan
( |p|
2e2|κ|
)]
, (A10)
It is easily obtained that,
lim
|p|→0
I(p) = 0, (A11)
for all κ 6= 0. On the other hand, we have,
lim
κ→0
I(p) =
3
8|p| . (A12)
2. Calculation of Σ(p)
The self-energy Σ(p), excluding tadpole diagrams, is
given by,
Σ(p) = −e2
∫
d3q
(2pi)3
(2pµ − qµ)(2pν − qν)
[(p− q)2 +m2](q2 + e4κ2)
×
(
δµν − qµqν
q2
− e
2κµνλqλ
q2
)
= 4e2
∫
d3q
(2pi)3
(q · p)2/q2 − p2
[(p− q)2 +m2](q2 + e4κ2) .(A13)
and involves two integrals, namely,
J1 =
∫
d3q
(2pi)3
1
[(p− q)2 +m2](q2 +M2) , (A14)
and,
J2 =
∫
d3q
(2pi)3
(2p · q)2
[(p− q)2 +m2](q2 +M2)q2 . (A15)
The first integral is easily calculated with the method of
Feynman parameters [35], yielding,
J1 =
1
8pi|p|
[
arctan
(
p2 +m2 −M2
2|M ||p|
)
+ arctan
(
p2 +M2 −m2
2|m||p|
)]
. (A16)
The calculation of J2 takes more time, but it is also
straightforward. First we rewrite it as,
J2 =
∫
d3q
(2pi)3
(2p · q)[p2 + q2 − (p− q)2]
[(p− q)2 +m2](q2 +M2)q2
=
2(p2 +m2)
M2
∫
d3q
(2pi)3
q · p
[(p− q)2 +m2]q2
− 2(p
2 +m2 −M2)
M2
∫
d3q
(2pi)3
q · p
[(p− q)2 +m2](q2 +M2) .
(A17)
8Now the fastest way to proceed is to use the method of
Feynman parameters once more to obtain,∫
d3q
(2pi)3
qµ
[(p− q)2 +m2](q2 +M2)
=
pµ
8pi
∫ 1
0
dα α
α(1− α)p2 + αm2 + (1− α)M2
=
pµ
16pi|p|3
{
2|p|(|M | − |m|) + (p2 +m2 −M2)
×
[
arctan
(
p2 +m2 −M2
2|M ||p|
)
+ arctan
(
p2 +M2 −m2
2|m||p|
)]}
.
(A18)
An integral corresponding to the limit |M | → 0 of the
above result is also needed in the expression for J2. Af-
ter carrying out some straightforward simplifications, we
obtain,
Σ(p) =
e2
4pi
{
e2|κ| − |m| − p
2 +m2
e2|κ|
+
(p2 +m2)2
2e4κ2|p|
[
pi
2
+ arctan
(
p2 −m2
2|m||p|
)]
− (p
2 +m2 − e4κ2)2 + 4e4κ2p2
2e4κ2|p|
×
[
arctan
(
p2 + e4κ2 −m2
2|m||p|
)
+ arctan
(
p2 +m2 − e4κ2
2e2|κ||p|
)]}
. (A19)
The wavefunction renormalzation is obtained by expand-
ing Σ(p) up to p2,
Σ(p) = −2e
2
3pi
p2
m+ e2|κ| + O(p
4), (A20)
and we see that,
lim
m→0
∂Σ
∂p2
∣∣∣∣
p=0
= lim
e2→∞
∂Σ
∂p2
∣∣∣∣
p=0
= − 2
3pi|κ| , (A21)
as asserted in the main text. Furthermore, we note that,
lim
e2→∞
Σ(p) = − 2p
2
3pi|κ| . (A22)
Appendix B: Renormalized mass
For completeness we give here the expression for the
renormalized mass, which in the main text is assumed to
vanish,
m2 = m20 + (N + 1)u0
∫
d3q
(2pi)3
1
q2 +m2
+ 2e2
∫
d3q
(2pi)3
1
q2 + e4κ2
= m20 +
(N + 1)u0 + 2e
2
2pi2
Λ
− (N + 1)u0|m|+ 2e
4|κ|
4pi
, (B1)
where Λ = ΛUV and N is the number of complex scalars.
Thus, we see that the bare mass m0 has to be chosen in
such a way as to have a finite renormalized mass as e2 →
∞. We might be worry that this is a somewhat artificial
fine-tuning. However, we should note that e2 actually
behaves as a UV cutoff scale and can be considered as
such.
